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ABSTRACT. Semigroups of linear operators acting on locally convex spaces
have been studied by many authors. In this paper we consider semigroups
of special linear operators on locally convex spaces. The paper is organized
in three sections. In the first section some properties of series on m-convex
algebras are recalled. In the second section we point out two remarkable
subalgebras of £(X). The third section is dedicated to semigroups of linear
operators. A few properties of semigroups are given in this context. The
main result of this section is a Hille - Yosida type theorem for ” Co-bounded
semigroups”.
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1. A few remarks on M- convex algebras

In the following we denote by N*, the set of all natural numbers toghether
with 0, i.e. N* =N U{0}.

Definition 1.1. Let Y be a real or complex Hausdorff locally convex algebra
whose topology is given by a directed family of seminorms
Q = (qa), a € A. We say that (Y, Q) is m-convez algebra if for every a € A
and x, y €Y, the following inequality holds:

go(zy) < qa(2)qa(y).
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Proposition 1.2. Let (Y, Q) be a sequentially complete m-convex algebra
and uy, v, €Y, n € N* two sequences. Consider also
n

Wy = Y UpVUp—k, N € N*.
k=0
Assume that the series >  u, and )_ v, are absolutely convergent
n>0 n>0
(i.e > qalun) and > ga(vy) are convergent for all a € A).
n>0 n>0
Then the following statements are true:
1. > w,, is absolutely convergent.
n>0

> g () (50

Proof. At first we see that > w, and »_ v, are convergent. Let a € A.
n>0 n>0

n n
We denote s, = > ¢a(u;) and t, = ) ga(vj). Obviously we have for each
= =

=0
n € N*.
n n n
(Z%) (Zvj) — Y wi = uivy + ... + uv; + ... + upv, where i + 5 > n.
i=0 =0 i=0

Moreover we can write:

Qo [<§§1u> (filg) —-ﬁiun] < ga(u1)ga(tn) + - + ga(ui)ga(v;) + ...
=0 1=0

=0

j=0

+ qa(un)ga(vn) < ([n] . a(ui)) <iqa(vj)> +

2 teluy) (ﬁowz‘)) = (s =) o+ (00 =11y ) o

[5]<isn
Hence it follows that > w, = [ > u, o |
n>0 n>0 n>0
In order to prove that »_ wy, is absolutely convergent we apply the first part
n>0

of the proof in the following context:

Y = R, QOz(un)a Qa(vn)) n € N. If a, = QQ(UO)Qa(Un) + ..t Qa(un)QQ(UO)
then > a, is convergent. On the other hand, ¢, (wy,) < a,, which proves that
n>0
> wy, is absolutely convergent.[]
n>0
Theorem 1.3. Let (Y, Q), be a sequentially complete m - convez algebra
with unit 1. Then the following statements are true:
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n n
1. > T s convergent for all x € Y and we denote e* = .
n>0 n! n>0 n!
2. If x,t y €Y and xy = yx, then e*Y = e%eY.
X
-1
3. 1%in%e =z, forall z €Y.
d
4. a(em) =ze!* = ez, forallt eER and x €Y.
Proof.
a” dalx) ..
1. Let « € A and z € Y. Then ¢, - < T which ensures the
n! n!

n
convergence of '
n>0 n.

2. Let x,y € Y such that zy = yx. We know from the first point that

n n 1 n .
ety = Z (ac + y) and (a: + y) _ — ZCQ Pxpyn—p
+p=0

n>0 n! n!
_ 1 i n' yn—p . n ip yn_p .
nlizo(n—p)lpl" p=op! (n—p)!
:UTL TL
Now it is enough to apply Proposition 1.2 to u, = — and v, = —'. Then
n! n!
Wy, = Z and consequently e*T¥ = e%¢eY.

p:Oﬁ (n_p)"
3. Lette R, t#0and z € Y. We also have

etr — 1 :132 ta? {2
—w=t( gttt +...).
t 3! n!

2 tx? n—2,n ett — 1

Denote by o, (t) = o7 + T + ...+ . Then hmtan(t) = — .
On the other hand, for each o € A it follows that:
qa(x) g5 ()
o (10,(0) = Il (00 < 11 (257 14 %2
Suppose that [t| < 1.

Then qq (to, () < |t €2 and ¢, (

tx

+ ot

n2 QZ(J«“))

n!

etz

- x) < [t| e9(®) | which implies

that hr% ;
4. Let t € R is fixed and h € R.

=x.
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d
Hence it follows that a (em) = ez = ze!” and the proof is complete. [

Remark 1.4. If z € Y and « € A such that ¢o(I) = 1, then
Ga(e®) < ede(®),
2. Special Algebras of Operators

Throughout this paper X is a real or complex Hausdorff locally convex space,
whose topology is given by the directed family of seminorms
P = (pa), o € A. We denote by L£(X) the space of all linear and continuous
operators on X.

Definition 2.1. We set:

[ TeLl(X)|Vae A IM(a) >0, Vz € X,
€)= | po (T(2)) < M(a)pa() b
[ Tel(X)|3IM>0,V(xeX, ac ),
cr(x) = { ety <ime @
For each o € A we define qo, : Lo(X) — R as follows:
¢o(T) = sup {w |z € X, pa(z) # 0} (3)
We define also ||,|| : Lr(X) — R as follows
17| = sup qa(T) (4)

Proposition 2.2. The following assertions are true:

1. (¢a), @ € A is a sufficient family of seminorms on Ly(X).

2. Lo(X) is m - convex algebra.

3. If in addition X is a sequentially complete, then L£y(X) is also sequentially
complete.

Proof.

1. Let T € Lo(X) and a € A. Then, according to (3), we can write
Pa (T(x)) < qo(T)pa(x), for all x € X. Therefore if ¢,(7) = 0, for all a € A,
then T' = 0.

2. Let T,U € Lo(X) and a € A. Then from the first point we conclude
that TU € Lo(X) and ¢o(TU) < qo(T)qa(U).

3. Let us suppose that X is sequentially complete. Let T}, € Lo(X), n € N,
be a Cauchy sequence. Then T,,(z), n € N is a Cauchy sequence in X for all
x € X. Denote by T'(x) = nan;OTn(x). Let ¢ > 0 and o € A. Then there exists

N(e,a) € N such that go(Ty4p — 1) < € for all n > N(e,a) and p € N, and
consequently po (Tr4p(z) — Th(x)) < epo(z) for all x € X. Now, passing to
the limit as p — oo in the above inequality we get p, (T'(z) — Ty (x)) < epa(2)
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for all x € X and n > N (e, a). Hence it follows that T' € L(X) and
= lim 7, in L£o(X), because qo(T —T),) < ¢ for alln > N(e,a). O
n—oo

Proposition 2.3. The following assertions are true:

1. Lp(X) is a normed algebra.

2. If in addition X is sequentially complete, then Lr(X) is a Banach alge-
bra.

Proof.

1. It is clear that Lp(X) is vector space and the positive map defined by
(4) is a norm. Moreover, if T,U € Lp(X) then TU € Lr(X) and
ITU) < |IT) U

2. Let T, € Lp(X), n € N, be a Cauchy sequence. Then T, n € N is
also a Cauchy sequence in Lo(X) (see (4)). By using Proposition 2.2 it follows
that T,,, n € N is convergent in L£o(X) and denote by T its limit. Let ¢ > 0.
There exists N(¢) € N such that || T),1p — Ty|| < e for alln > N(¢) and p € N.
Hence it follows that:

Jo (Tnqp —T) <e, forallawe A, n > N(¢) and p € N. (5)

By passing to the limit as p — oo in (5) we get ¢o (T'—T,) < € for all
a € A, n> N(eg). This means that |7 — T,,|| < ¢ for all n > N(g). Therefore,
T € Lr(X) and nh—>nc>loT" =Tin Lp(X). O

Example 2.4. Let X = C(R) be the space of the real continuous functions
equipped with the following family of seminorms:
pn(f) = sup{|f(z)], |z <n}, ne€ Nand f € X. Let also T : X — X be
defined by the following formula:

1)) =3 O 20

0, <0

It is clear that T is a linear operator and p, (T'(f)) < np,(f) for all f € X
and n € N. In conclusion T € Ly(X) and ¢,(T) < n for all n € N.
Example 2.5. Let X = C(R) equipped with the same topology as above
and U : X — X defined by the following formula
T
e T [f(t)dt, x>0
v =1} |

0, x <0

Let n € N and z € (0,n]. Then [U(f)(z)| < e== [ |£(£)] dt
0

< ze "pp(f) < pn(f). Therefore p,U(f) < pn(f) for all n € N and for all
f € X. This means that U € Lr(X) and |U|| < 1.
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3. Cy - Semigroups

Definition 3.1. A mapping T : [0,00) — L(X) is called a semigroup if the
following conditions are satisfied:

1. T(t+s)=T(t)T(s), for all t,s € [0,00).

2. T(0) = 1.

If in addition tlL%T(t)(x) = T'(to)(z) for all ty € [0,00) and v € X, we

say that T is a Cy-semigroup.
We denote by D = {:E €X| 71irr(1]

T(t)(x) —x
t

exists} and consider the lin-

T(t)(x) -
t

ear operator U : D — X defined by U(x) = PI% . The operator U

is called the infinitesimal generator of T and D is usually denoted by D(U).
Proposition 3.2. Let T : [0,00) — Lo(X) be a Cop-semigroup. Then
for all x € X, a € A and | > 0, there exists M(z,a,l) > 0, such that
pa (T(t)(z)) < M(a,z,1), for all ¢ € [0,1].
Proof. Let x € X, a € A,l > 0 and € > 0. Then there exists
d = d(x, 1) > 0, such that p, (T'(h)(x) —z) < ¢, for all h € [0,6]. Consider

t
Ny € N, such that Ngd > [. Let also0 <t <l and k = 51 This means that

ko <t < (k+1)d and k < Ny. Let h < ¢, such that ¢t = kd+h. Then T'(¢)(z) =
T(kO)T(h)(x) = T*@)T(h)(w) and po (T(t)(=)) < g5 (T(8)) pa (T(h)(x)) <
a6 (T(8)) (e + pa(2)) < max a6 (T(9)) (¢ + pa(2)) = M(z, 0,1). O

Proposition 3.3. Let T': [0,00) — Lo(X) be a Cyp-semigroup. Then for
each @« € A and = € X, there exist M(a,z) > 0 and w(a) > 0, such that
po (T(t)(x)) < M(a, z)e @t for all t > 0.

Proof. Let « € A and z € X. Let also t > 0 and £ € N, such that
k<t < k+ 1. Then there exists h € [0,1), such that ¢ = k + h and
T(t)(z) = T(k)T(h)(z) = T*(1)T(h)(z). From Proposition 3.2, we know that
there exists M (a,x) > 0, such that p, (T(u)(z)) < M(a, x), for all u € [0, 1].
Therefore it follows that

pa (T(t)(2)) < a5 (T(1)) pa (T(h)(2)) < M(a,x)qs (T(1)).

If go (T'(1)) > 1, we conclude that p, (T'(t)(z)) < M(«a,z)q, (T(1)). If we
denote by w(a) = Ing, (T(1)), it follows that pa (T(t)(x)) < M (o, z)e* (@),
for all ¢ > 0, and the proof is complete. [

Definition 3.4. A semigroup T : [0,00) — Lo(X) is called locally bounded,
if for each a € A and 1 > 0, there exists M(«,l) > 0, such that qo (T(t)) <
M (e, 1), for all t € [0,1]. A semigroup T : [0,00) — Lo(X) is called bounded,
if for each o € A, there exists M(«) > 0, such that
4o (T(t)) < M (), for all t > 0.



34 FLORICA VOICU AND MIHAI VOICU

Proposition 3.5. Let T : [0,00) — Lo(X) be a semigroup. Then the
following statements are equivalent:

1. T is locally bounded.

2. For each a € A, there exists M(a) > 1 and w(a) > 0, such that
Go (T(t)) < M(a)e*(@?, for all t > 0.

Proof. Let us suppose that T is locally bounded. Let o € A and M («) > 0,
such that g, (T'(t)) < M(«), for all t € [0,1]. Let now
t>1, k€ N, such that £ <t < k+ 1 and h < 1, with the property
t = Jrth. Then T(t) = T(RIT(h) = TH()T(h) and g, (T(1)) < M(a)gh (7(1)
< M(a)gh, (T(1)), (if gu (T(1)) > 1). Tf we denote by w(@) = Ingq (T(1)), it
follows that go (T'(t)) < M(a)e*@? for all t > 0. The implication 2=1 is
obvious. UJ

Theorem 3.6. Let (X, P) be a sequentially complete locally convex space.
Suppose that T : [0,00) — L(X) is a Co-semigroup and that U : D(U) — X

1s its generator. Then the following assertion are true:

1t+h
1. For t >0 and z € X, it follows that }llin%)ﬁ [ T(s)(z)ds =T(t)(z).
—0n 5

t
2. Fort >0 and z € X, fT x)ds € D(U) and U(fT(s)(;r)ds) =
0

T(t)(z) — x.

3. For x € D(U) and t >0, T(t)(z) € D(U) and UT(t)(x) =T (t)U(x).

4. If in addition, T(t) € Lo(X), for all t > 0 and T is locally bounded, then
d t
aT(t)(az) = Tt)U(z) = UT(t)(z) and [T(uw)U(z)du = T(t)(z) — T(s)(z),
for all x € D(U), s,t> 0.

Proof.

1. Let x € X, t >0, o € A and € > 0. Then from the continuity of the
map s — T'(s)(z), there exists d(a, ) > 0, such that if |s — t| < §(e, €), then
Pa (T'(s)(z) —T(t)(z)) < e. On the other hand,,

1t+h 1t+h
( [ T(s)(w)ds ~ (1) o >) ~ Pa (h [ (T(s)() —T<t><x>>d5> <

t

t+h

\h\ f Pa ( —T(t)(z))ds| < g, for all h € R, such that |h| < §(«, )

2. Let z € X, t>0and h > 0. Then we have:

t t t t

h)/T(s)(m)ds — /T(s)(m)ds = ;L/T(s + h)(x)ds — ;l/T(s)(x)ds.

0 0 0 0

For h + s = £, the above equality becomes:
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1t 1t 1t+h 1t
ffTs—}—h)(x)ds—ffTs ffT df—ffT
1h+t 1t+h t+h 1t+h
ffT df—ffT x)dé + — fT ffT d§—

ﬁ{T

Using the first point we conclude that:

}ILI_)HB% (T(h) (/T(s)(az)ds) - /T(S)(x)ds) =T(t)(x) — x.

0 0

3. Let z € D(U), t >0 and h > 0. Then one gets:

1 L T(h)(x) —x B B
lim T (T()T(8)(x) — 7)) = lim () X =2 — () =

UT(t)(x).

d
4. Tt is clear that the forward derivative ﬁT(t)(:n) equals T'(t)U(z), for

each x € D(U).

Now we show that the backward derivative equals also T'(t)U(x). Let x €
DU), t >0, h >0 and a € A. Since T is locally bounded, there exists
M(a,t) > 1, such that ¢, (T (u)) < M(a,t), for all u € [0,t]. Then we have:

Pa (,11 (T(t)(x) — T(t — h)(x)) — T(t)U(a:)> -

po (L= WT0E) ~ T = M) = T - WTWU(E) ) -
pa (100 (P2 ryoe)) ) <

h

o (T(t — h)) pa (T(h)(;f) - T(h)U(x)) <

M(, t)pa <T(h)(;) —r T(h)U(m))

Since lim (W:)_w —T(h)U(w)> = 0, it follows that %T(t)(x) =

T(t)U(x) and consequently %T(t)(:v) =Tt)U(x) =UT(t)(x).

Let now s,t > 0 and x € D(U). Then }T(U)U(a:)du =T(t)(z) —T(s)(x),

because the map v — T'(u)(x) is a primitive of the map u — T'(u)U(z). O
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Corollary 3.7. Let (X, P) be a sequentially complete locally convex space.
Suppose that T : [0,00) — Lo(X) is a locally bounded Cp-semigroup and
U:D(U)— X be its generator. Then the following assertions hold:

1. D(U) = X.

2. U is closed.

Proof. 1. Let x € X and 0 < h — 0. From Theorem 3.6, it follows that

fT x)ds € D(U) and lim — fT z)ds = x, which means that
n—

OO n 0
z € D(U).
2. Let now t > 0, x,y € X, and a generalized sequence z5 € D(U),
0 € A, such that %ieHAl (xs5,U(zs5)) = (x,y). Using again Theorem 3.6 we can

write

/T(s)U(x(;)ds =T(t)(xs) — xs, for all § € A. (6)
0

Let a € A and M(a,t) > 0, such that g, (T'(s)) < M(a,t), for all s € [0, ].

We have also p, <£ (T(s)U(xs) — T(s)(y))d8> < {pa (T'(s)(U(zs) —y)) ds.
On the other hand,,

Pa (T(s)(U(x5) = y) < qa (T(s)) pa (U(2s) —y) < M(ev, t)pa (U(zs) —y)-
Thus pa <zT(s) (zs)ds — fT ds> < tM(a,t)po (U(xs) —y).

¢
In conclusion %irg JT(s)U(xs5)ds = fT(s)(y)ds.
€20 0
Passing to the limit in (6) as § € A, we obtain the following equality:
fT y)ds = T(t)(z) — =, which is equivalent to

! / T(s)(y)ds = " = (7)

By Theorem 3.6 and (7) we conclude that z € D(U) and U(x) = y. There-
fore U is a closed linear operator. [J

Proposition 3.8. Let (X, P) be a sequentially complete locally convex
space and let 7,5 : [0,00) — Lo(X) be two locally bounded Cp-semigroups.
If T and S have the same generator, then T' = S.

Proof. Let U : D(U) — X be the joint generator of 7" and S, ¢t > 0
and x € D(U). Consider f :[0,t] — X, defined by f(s) =T (t — s)S(s)(z).By
Theorem 3.6, it follows that f/(s) = —T(t s)US(s)(z)+T(t—s)US(s)(x) =0,
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which implies that S(t)(z) = T'(t)(z). Since U is densely defined it follows
that T=5. O

Lemma 3.9. Let (X, P) be a sequentially complete locally convex space.
Suppose that f :[0,00) — X is a continuous map which verifies the following
property:
For each o € A, there exists g(a) : [0,00) — R, such that pq, (f( ) < gla)(z),

for all x > 0. If fg x)dz is convergent, it follows that ff )dx is also

convergent.
Proof. Let o € A and € > 0. Then there exists 6(a,e) > 0, such that
t//

f g(a)(z)dz| < e, for all /,t” > 6. On the other hand, we have

t// t// 25//

/f(m)dx < /pa(f(:n))dx < /g(a)(m)dx <.

% %
oo
Therefore [ f(x)dz is convergent. O
0

Proposition 3.10. Let (X, P) be a sequentially complete locally convex
space, T : [0,00) — Lo(X) is a bounded Cy-semigroup and U : D(U) — X is
its generator. Then the following assertions hold:

1. fe_)‘tT(t)(x)dt € D(U), for all z € D(U) and A > 0.

2. U(fe NT (1) (2) > Oj?e*)‘tT (U () dt.
Proof. Let « € A, z € X and A > 0. There exists M(«) > 0, such that
da (T(t)) < M(a), for all ¢ > 0. Hence it follows that:
po (¢ T @) < Vg (T(1)) pale) < M(a)e pa().
for all £ > 0. According to Lemma3.9, one deduces the convergence of
jje_/\tT(t)(:n)dt.

Let x € D(U), t >0, A>0and f:][0,tf] — X, defined by

f(s) = e T (s)().
From Theorem 3.6, it follows that f(s) € D(U), U (f(s)) = e T (s)U(x)
and U is closed. Hence it follows that

t
U <fe AT (s)(x)d ) = fe_AST(s)U(x)ds, and by passing to the limit as
t — 00, we conclude finally that

e MT(s)(x)ds ) = [e T (s)U(z)ds.
0 (T = Ferruas. o
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Definition 3.11. A mapping R : (0,00) — L(X) is called a resolvent, if
the following condition is satisfied

R(A\) — R(p) = (p— NR(AN)R(p), for all A, € (0,00). (8)

Lemma 3.12. Let R : (0,00) — Lo(X) be a resolvent. Suppose that for
each a € A, there exists M(a) > 0, such that qo (AR(N\)) < M(«), for all
A > 0. Then R is indefinite deriviable and the following formula holds:

dn
TR0 = (=1 (R(A)™, for all A > 0 and n > 1. (9)
Proof. At first we are proving that for each natural number n > 1, the
mapping A — R™(\) is continuous. From (8) we deduce ¢ (R(1) — R(X)) <
M(a) M(cv) . .
A — ul > , for all @ € A, which proves that hniR(,u) = R(A). Let
pn—
now n > 2 and A\, u € (0,00). Then the following equality holds:

R™ () — R™(N) = (R(n) — ROV) (R (1) + B 2()R(N) + .. + B ().

For each a € A we get

n—1 n—1
o (R () = R"() < (Wff“)) ot W) o (R(#) = ROV)

which proves that linf\R”(,u) = R"™(\). Let now A\, u > 0, p # X. As a con-
n—

R(p) — R(A
sequence of (8) we have (/2_>\() + (R(A)? = R(\) (R(\) — R(p)). Thus
d
—R(\) = — (R()\)?. Using the above decomposition and (9) the following

dx .
equalities are valid:

5 (e g r) = SO (et - i) =

(-0t = Ry + (RGO BO) + -+ (ROD). (10

By passing to the limit as ¢ — A in (10) we conclude that:
dn+l
d\nt+1
which means that (9) is valid. O
Definition 3.13. Let U : D(U) — X be a linear operator. We denote by
p(U) ={\ € C| A — U is one-to-one and (\I —U)~' € L(X)}.

The mapping R(-,U) : p(U) — L(X) defined by RA\U) = M —U)"! isa
resolvent and is called the resolvent of U. The set of complex numbers p(U)

R(\) = (=1)™n! (=R*(\)) (n + D)R™(\) = (=)™ (n + 1)IR"T2(N).
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18 called the resolvent set of U. We also denote by
po(U) = {A € p(U) | RO\ T) € Lo(X))}.

Lemma 3.14. Let U : D(U) — X be a linear operator such that:

1. D(U) = X.

2. (0,00) C po(U).

3. For each a € A, there exists M (a) > 0, such that go (AR(A\,U)) < M(a),
for all A > 0. Then the following assertions hold:

1. U is closed.

2. )\lim AR\, U)(z) =z, for all x € X.

3. D(U) = {x e X| )\lim AARNU)(x) — x) em'sts} and
)\lim A AR\, U)(x) —x) =U(x), for all z € D(U).
Proof.
1. The closeness of U is a simple consequence of the second hypothesis.
2. Let at first z € D(U) and A > 0. From Definition 3.13, one can deduce
the following equalities:
RANU)M —U)(x) ==z, for all z € D(U), (11)
(M —U)R\U)(z) ==, forall z € X, (12)
RN U)U(x) =UR(\U)(x), forall x € D(U). Let « € A and = € D(A).
(13)
From (11) it follows that
Pa (AR(A, U)(2) = 2) = pa (R(A, U)U(2))

< a0 (ROL0) e (@) < 10 ).

and consequently AILIgOAR(A, U)(z) = =.
Let now z € X, a € A and 25 € D(U), 6 € A, such that %iergsc(; = x. The
following equality can be written as:
AR\, U)(x) —x = AR\, U)(z) = AR\, U)(x5) + AR\, U)(x5) — x5 + x5 — .
In addition we have:
Pa AR U) (%) — 2) < ga (AR(N,U)) pa (& — 25) + pa (AR(A, U)(x5) — @5) +
+pa (x5 — ) < M(a)pa (2 — x5) + pa (AR(N, U)(x5) — z5) + pa (x5 — ) .
Hence it follows that lim )\R()\ U)(x) = z, and the second point is proved.

3. Let x € D(U). By (11) and the second point we deduce that
hm AAR(NU)(x) —x) =U(x). Let now z € X, such that
)

)
hm AARN,U)(x) —x) = y. From (12) it follows that A (AR(N\,U)(z) — z) =
U ()\R()\ U)(x)). On one hand )\hm AR(A,U)(x) = x, and on the other hand,
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)\lim U AR\, U)(x)) = y. Because U is closed, we conclude that z € D(U)
and y =U(x). O

Remark 3.15. Usually the mapping A — A(AR(A\,U) — I) is called the
Yosida approximation and it is denoted by U(X) = A(ARA\,U)—1), X €
p(U). Therefore according to Proposition 3.14 we have /\lim UN)(z) =U(z),

— 00

for all z € D(U).

Lemma 3.16. Let (X, P) be a sequentially complete locally convex space
and let U : D(U) — X be a linear operator satisfying:

1. D(U) = X.

2. (0, OO) - po(U).

3. For each o € A, there exists M(a) > 1, such that go (ARN\,U))" <
M(a), for all A >0 and n > 1.

Then the following assertions hold:

1. qo(eV ™) < M(a), for all a € A, t >0 and A >0

2. pa(eVW(z) = VWV (2)) < (M ()’ pa(U(u)(x) = UN)(2)), for all
a€A t>0, \,u€ (0,00) and z € X.

Proof.

1. According to Proposition 2.2, £Ly(X) is a sequentially complete m-convex
algebra and from Theorem 1.3, we conclude that eV € L£y(X), for all A >
0. Let t > 0 and @ € A. According to Remark 3.15, we have eV =
eV ROU)=MI and hence it follows that

qa(etU(A)) < e*)‘tqa(et)‘zR()"U)) (14)
On the other hand, from the following equality:
e _ p PARGY) | () QRO D))"
we obtain the following inequali"cies: b
o <I n tA >\R1('>\, U) T (tA)" ()\f'()\, U))") <

£ (tA)"
ﬁ =+ ... ol

<1+ M(a) < ) < M(a)e,

for all n > 1.

Therefore we have gq (e EOU)) < M(a)e™ and from (14), it follows that
ga(eN) < M(a), for alla € A, t >0 and A > 0.

2. Let z € X, t > 0and A\, u € (0,00). To prove the second assertion we
consider the following mapping g : [0,¢] — X, defined by
g(s) = =80 esUW)(z). Using again Theorem 1.3 and Proposition 2.2, we
conclude that ¢ is derivable and

g'(s) = et =N sV (U () (x) — UN)(x)), for all s € [0,¢]. (15)
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Therefore also we have:

Let now a € A. From (15) and (16), it follows that

(
pa(eVW(z) — N (2)) <t (M(a))? pa(U(p)(z) = UN)(2))
and the proof is complete. [
Theorem 3.17. Let (X, P) be a sequentially complete locally convex space,
let T :1]0,00) — Lo(X) be a bounded Cy-semigroup and let U : D(U) — X
be its generator. Then the following statements are true:

1. D(U) = X.
2. (0,00) C PO(U)
3. RI\U)( fe_)‘tT (t)(z)dt, for all A >0 and = € X.

4. For each « 6 A, there exists M(a) > 0, such that go AR\, U))" <
M(a), for all n € N* and X > 0.

Proof. The density of D(U) is a consequence of Corollary 3.7. Because of
the boundness of T, for each a@ € A, there exists a constant M («) > 0, such
that go (T(t)) < M(«), for all ¢ > 0. Proposition 3.10 allows us to define
R :(0,00) — L(X) by the following formula

R\)(z) = [eMT(t)(x)dt for all z € X. It is clear that R(\) is a linear

0
operator, for all A > 0 and for each o € A we have:

(e.¢] o¢]

Po (RO (2)) < / e My (T(t) (2)) dt < / e Mo (T(1))pa()dt

0 0

< M(a)/e_)‘tpa(x)dt = M)(\a)pa(x).
0

This proves that R(\) € Lo(X) and g4 (AR(N)) < M(«), for all A > 0. If
x € D(U) from Proposition 3.10, it follows that [e MT(t)(z)dt € D(U)
0

and U <Ofoe_/\tT dt> = Ofoe_’\tT(t)U(x)dt, which means that UR(\)(x) =
0
RANU(z).

We know also from Theorem 3.6, that

T(#)(z) € D(U) and UT(#)(z) = T()U (z) = %T(t)(w).

On the other hand, we estimate:
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UR(\)(x) = Ofoe_)‘tT(t)U(az)dt = lim }e‘AtT(t)U(m)dt =
0

b—o0 0

b
lim fe_)‘tiT

Jim Je g T @)dt = Jim (7T ()x - )

+ lim )\fe_/\tT (t)(x)dt = AR(\)(z) — x, or equivalent:

b—o0
(M —U)R(\)(z) = x. (17)
Because U is closed and densely defined, we also have
(M —-U)R(\)(x) ==z, forall z € X.

Let now x € D(A). Then we can write
RN = U)(z) = AR(N)(z) — RA)U(z) = AR(A)(z) — UR(N)(z) =
AR(N)(x) +x — AR(A\)(z) = z and hence we have

RAN)(M —U)(z) =z, for all x € D(U). (18)
From (18), it follows that AI — U is invertible and R(\) = (A — U)~ 1, for

all A > 0. In conclusion (0,00) C po(U) and
R\, U)(x) / “MT(t) (x)dt, for all z € X. (19)
0
If we apply Lemma 3.12 to R(\,U), we conclude that T —R(\U) =
(—=1)™n!R" (X, U) and
d" n n+1
BROUY @) = (1) IR O U) @), (20)
for all z € X, n € N* and A > 0. On the other hand from (19), it follows:
dr —At n
WR()\ U)(x)= [ e " (=t)"T(t)(z)dt. (21)

0
and from (20) and (21), we deduce the equality:

)\nJrl >

A / e MV (t) (z)dt.

AR\, U (z) = p
0

Let now « € A. From the last equality we get:

n.

n+1 >
Pa ((/\R(/\,U))"“ (a;)) <2 T M(a)pa(z) / e XNt =
0
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)\n—O—l n!
T M(@)pa(@) g = M(@)pa(@).

and finally, it follows that ¢, (AR(\,U))" < M (), for all « € A, n € N* and
A>0.0

Theorem 3.18. (Hille - Yosida) Let (X, P) be a sequentially complete lo-
cally convez space and U : D(U) — X is a linear operator. Then the following
assertions are equivalent:

1. U is the genemtor of a bounded Cy-semigroup T : [0,00) — Lo(X).

2) D(U) = X.

5 ) D) (0,00) C (V)

c) For each o € A, there exists M(«) > 0 such that
o AR\, U))" < M(a), for all A\ >0 and n > 1.

Proof. 1=2 is a consequence of Theorem 3.17. Conversely: Let
U : D(U) — X be a linear operator verifying the conditions a), b) and ¢), and
xz € D(U). By Lemma 3.14, it follows that

AILH;OU(A)(x) =U(x). (22)

On the other hand, from Lemma 3.16, the following estimation follows

P (V0 () = V(@) < ¢ (M(0))’ pa (U() () ~UM)(@)) . (23)
(22)

foralla € A, t >0, \,u € (0,00). Since X is sequentially complete, from
and (23), we conclude that there exists the limit as A — oo of the mapping A —
eV (z) and is uniform on bounded intervals. Let us denote it by T'(t)(z) =
/\li_)rgoetU()‘) (x). Since U is densely defined and g, (etU()‘)) < M(«), for all
acA, A>0andt >0, it follows that AllrgoetU(A) (x) = T(t)(x),uniformly on
bounded intervals, for all x € X. Let now a > 0, x € X and A\, — oco. Then
T(t)(z) = TLILH;O etV An) () uniformly on [0, a], which means that the mapping
t — T'(t)(z) is continuous on [0, a] and consequently on [0,00). On the other
hand,, we have p, (etU(’\")(:z:)) < Ga (etU(’\”)) Pa(t) < M(a)po(z) and passing
to the limit as n — oo it follows that p, (T(¢)(z)) < M(a)pa(x), for all
ac A, t>0and z € X. Since T'(t) is linear the above inequality shows that
T(t) € Lo(X) and ¢, (T'(t)) < M(«), for all « € A and ¢ > 0.

Let s,t € [0,00), x € X and o € A. For every n > 1, we can write

T(t + s) T(t)T(s)(w) =T(t+ s)(z) — STV (1) 4 (sHOUM) ()
— SU( ) (

an

) (2
><w IT(s)(z) + V™M T(s)(z) — T(H)T(s)(x) and
) )(z)) +

) s)(x

( (t+8 ) — () ( )(2)) < pa (T(t + 5)(x) — elsHIV@

Ga (7)) pa (V™ (@) = T(s)(x)) +pa (T (s)(x) - <>T<s><x>) Since
qa( tU(n)) < M(a), for all n > 1 and t > 0 and lim etV )T(s)( ) =

n—oo
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T(t)T(s)(x), it follows that T'(t + s)(x) = T(t)T(s)(x) for all x € X. By
the definition it follows also that 7'(0) = I. Therefore T : [0,00) — Lo(X) is a
bounded Cp-semigroup. Let us suppose that its generator is: V : D(V) — X.
Before proving that V = U we show that:

lim [ VDU (2)dt = / T (2)dt. (24)

A—00

0 0

for all x € D(U), where a is a positive fixed number. For each a € A we
estimate:

Pa / (TN @) - TOU()) dt | < M) / Pa (UM () - Ul2)) dt+
0 0

a

/ Pa (etUWU(x) - T(t)U(m)) dt.

0
Since hm U(/\)( ) = U(z) and hm etU()‘)U( ) = T(t)U(z) uniformly on

[0, al, the formula (24) is estabhshed On the other hand, for x € D(U), A >0
and t > 0, we have the following estimate:

[T @)ds = V@) fi= e (a) . (25)

t
From (24) and (25), it follows that [T'(s)U(z)ds = T'(t)(z) — x, and more-
0

/ T(8)U(2)ds = D& =T (26)

From Theorem 3.6 and (26) it follows that x € D(V), D(U) C D(V) and
V(x) = U(xz). By Theorem 3.17, we deduce that V has the same properties
as U, thus (0,00) € po(V) and consequently (I —V)~! € Lo(X).

Let z € X. Then there exists y € D(U), such that (I — U)(y) = = and
also (I —V)(y) = . This implies that (I — V) (D(U)) = X or equivalently
DU)=(I-V)YX)=D(V) and finally U = V. O

Remark 3.19. From Proposition 3.8, it follows that the semigroup given
by Theorem 3.18, whose generator is U is unique.

Corollary 3.20. Let S : [0,00) — Lo(X) be a bounded Cp-semigroup and
let U be its generator. Then S(t)(x) = )\lim N (), forallt > 0, and = € X,

uniformly on bounded intervals.
Proof. From Theorem 3.17, it follows that U fulfills the following conditions:
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1. D(U) = X.

2. (0,00) C po(U).

3. For each v € A, there exists M («) > 0, such that
do AR(N\,U))" < M(a), for all A > 0 and n > 1. On the other hand, using
Theorem 3.18, one can construct a bounded Cp-semigroup 7" : [0, c0) — Lo(X)
whose generator is U and T'(t)(x) = /\lim N (z), for all t > 0 and = € X.
Since T" and S have the same generator Oforom Proposition 3.8, it follows that
T=S5 0O

Example 3.21. Let X = C(R) be the Fréchet space defined in Example
2.4, and let T : [0,00) — L(X) be the mapping defined by (T (¢t) (f)) (z) =
e tf(z), for all x € R and f € X. It is clear that T is a semigroup. For each
n € N*, we have p, (T (t) (f)) < pn ((f)), forall f € X and ¢t > 0. Let now f €
X,n € N* z€[-n,n]and ¢t > 0. Then p, (T (t) (f) — f) < (1 —e ") pn (f)
and hence %i_r)réT (t) (f) = f. Therefore T is a Cy— bounded semigroup .Let now

pn (f)-

= —f, consequently the infinitesimal generator

of TisV:X — X, V(f)=—f. One can obviously see that p (V) =R\ {—1}
and R\, V) (f) = A%Ll Moreover, for A > —1 we have:

et —
fe X, ne N*and t > 0. We have: pn(w—kf) g’titl’

i
This means that %ir%w

ROWV)(f) = / eNT (1) (f) db.
0
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