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Abstract

We prove that the d-component of the generic initial ideal, with respect to the
reverse lexicographic order, of an ideal generated by a regular sequence of homoge-
neous polynomials of degree d is revlex in a particular, but important, case. Using
this property, we compute the generic initial ideal for several complete intersection
with strong Lefschetz property.
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Introduction.

Let K be an algebraically closed field of characteristic zero. Let S = Klzy,...,x,]
be the polynomial ring in n variables over K. Let n,d > 2 be two integers. We consider
I =(f1,...,fn) C S an ideal generated by a regular sequence f,..., f, € S of homoge-
neous polynomials of degree d. We say that A = S/I is a (n, d)-complete intersection. Let
J = Gin(I) be the generic initial of I, with respect to the reverse lexicographical (revlex)
order (see [5, §15.9], for details).

We say that a property (P) holds for a generic sequence of homogeneous polynomials
fi, fo, .., fn € S of given degrees dy,ds,...,d, if there exists a nonempty open Zariski
subset U C Sy, X Sg, X -+ x Sy, such that for every n-tuple (fi, fa,...,fn) € U the
property (P) holds. We say that a set of monomials M C S is a revlex set if, given a
monomial v € M, then any other monomial greater than u in revlex order is also in M.

For any nonnegative integer k, we denote by J; the set of monomials from J of degree
k. Conca and Sidman proved that J; is revlex if fi,..., f, is a generic regular sequence,
(see [4, Theorem 1.2]). In the first part of this paper, we prove that J; is a revlex set in
another case, namely, when f; € k[x;,..., x,]. It is likely to be true that J; is revlex for
any (n,d)-complete intersection, but we do not have the means to prove this assertion.

We say that a homogeneous polynomial f of degree s is semiregular for S/I if the maps

(S/I), 1, (S/I)sys are either injective, either surjective for all ¢ > 0. We say that S/I
has the weak Lefschetz property (WLP) if there exists a linear form ¢ € S, semiregular
on S/I. In such case, we say that ¢ is a weak Lefschetz element for S/I. A theorem of
Harima-Migliore-Nagel-Watanabe (see [6]) states that S/I has (WLP) in the case n = 3.
We say that S/I has the strong Lefschetz property (SLP) if there exists a linear form
¢ € S such that ¢° is semiregular on S/I for all integer b > 1. In this case, we say that ¢
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is a strong Lefschetz element for S/I. Harima-Watanabe [7] and later Herzog-Popescu [§],
proved that S/I has (SLP) if f; € k[z;, ..., z,), for all 1 <i < n.

In the second section of our paper, we compute the generic initial ideal for some particu-
lar cases of (n, d)-complete intersections: (n =4,d =2), (n =5,d =2) and (n =4,d = 3).
In order to do this, we suppose in addition that S/I has (SLP). Note that this property
holds for generic complete intersection (see [9]) and also in the case when f; € k[x;, ..., x,].
It was conjectured that (SLP) holds for any standard complete intersection. A theorem
of Wiebe [12] states that S/I has (WLP) (respectively (SLP)) if and only if x,, is a weak
(respectively strong) Lefschetz element for S/.J, where J = Gin(I). As Example 1.9 show,
the hypothesis char(K) =0 and fi,..., f, is a regular sequence are essentials.

1 Generic initial ideal for (n, d)-complete intersections.

Let I = (f1,...,fa) € S = Klz1,...,x,] be an ideal generated by a regular sequence
fi,-, fn € S of homogeneous polynomials of degree d. Let J = Gin(I) be the generic
initial ideal of I, with respect to the revlex order. It is well known that the Hilbert series
of S/J is the same as the Hilbert series of S/I and moreover, H(S/J,t) = H(S/I,t) =
(1+t+ -+ t471)". More precisely, we have:

Proposition 1.1. 1. H(S/J k) = (H" N, for0<k<d-1.

2. H(S/Jk) = (551 = n (), ford <k < |92 | and j =k —d.

H(S/J,k) = H(S/J,n(d — 1) — k), for k > {@} .

Proof. Use induction on n. Denote H,(t) = (1 4+t +---+t¥"1)" The case n = 1 is trivial.
The induction step follows from the equality H,(t) = H,_1(t)(1 4+ ¢+ --- + t471). O

Corollary 1.2. 1. |Jg| =0, fork <d—1.

2 Il = (i), Jord <k < |G| and j =k~ d.

—1 n—1

3.1l = (5 Lty - (U5 (L), o [E0] <k <
(n—1)(d—1)—1, where j =k — { n(d 1)-‘

4. || = ((”_1)d+j) — (”_1+d_1_j), for (n —1)(d—-1) < k < n(d—1), where j =

n—1 n—1

k—(n—1)(d—-1).
Proof. Using |Jy| = |Sk| — H(S/J, k) the proof follows from 1.1. O



Suppose f; = Zivzl birug for 1 < i < n where uy,us,...,uy € S are all the monomials

of degree d decreasing ordered in revlex and N = (d:ﬁzl). We denote u, = z*. For
example, a; = (d,0,...,0), ag = (d—1,1,0,...,0) etc.
We take a generic transformation of coordinates z; — Z?Zl cijwjfori=1,... n. Conca

and Sidman proved in [4] that we may assume that ¢;; are algebraically independents over
K. More precisely, if we consider the field extension K C L = K(¢;]i,7 = 1,n) and if we
set

n n
E = fi(cher’j,...,chjxj) € L[l’l,...,l'n], = 1,...,n
7=1 j=1

then J = Gin(I) =in(Fy,..., F,)NS.
We write F; = Z?Zl a;;uj + - -+ the monomial decomposition of F; in Lzy,...,x,].
With these notations, we have the following elementary lemma:

Lemma 1.3. J; is revlex if and only if the following condition is fulfilled:

aix -+ Aip
A= : o #£0.

Ap1 -+ App

Proof. Suppose A # 0. Since |Jy;| = n, it is enough to show that wuq,...,u, € J. Let
A= (aij) i=1,n . Since A = det(A) # 0, A is invertible and we have
I H,
AL : = ;
Fn Hn

where H; = u;+ small terms in revlex order. Therefore LM (H;) = u; € J, forall 1 <i <mn,
where LM (H;) denotes the leading monomial of H; in the revlex order.

Conversely, since uq,...,u, € Jy, we can find some polynomials H; € L[zy,...,x,],
with LM (H;) = u;, 1 <i <mn, as linear combination of F;’s. If we denote H; = Zjvzl QiU
and A = (@ij)ij=1,..n, it follows that there exists a map ¢ : L™ — L™, given by a matrix
E = (e4j)ij=1,..n, such that A=A-E. Now, since det(ﬁ) # 0 it follows that A = det(A) #
0, as required. O

Remark 1.4. By the changing of variables ¢ given by z; — 2;'“:1 cijT;, % became

my 1= (Z Cjmj) - (Z Cnj) M = ( Z cat)---( Z ctxt),

[tl=ar1 [tl=arn

where, for any multiindex ¢ = (¢,...,t,) we denoted 2! = 2" --- 2% and ¢! = ¢/} ---cl.

Let gw be the coefficient in ¢;;’s of £ in the monomial decomposition of my. Using the
above writing of my, we claim that:



P ) R )| (SO R e

[t1] = ag1, s |tn| = agn
ti4 - Ftn = aq

Qg1 — 11— tin—1 Qkp —tp1 — - — lpp—1 -Ctl"'Ctn
tin tan ' "

Indeed, the monomial ci! - - - ¢t appear in the coefficient of x® in the expansion of my if

and only if t; +---+1t, = oy and |t;| = g, . . ., |tn| = gn. Moreover, by Newton binomial,
the coefficient of ' - - - 2l in (D= cijy) ™ is (Czkll) (O"C}/;t“) e (O‘“_t“t;“ti’"*l)c? for any
1 <4 < n, and thus we proved the claim.

Since a; = Zivzl bir. - gu, from the Cauchy-Binet formula we get:

A= E Bkl:k27~~'7knGk17k27~~:kn7 where

1<k <ko<...<kn<N

bir, - bk, Okl " Gkl
B koykn = | ¢ : and G, kydon = | :

bnk1 e bnkn Gkin " Gknn
Now, we are able to prove the main result of our paper.

Theorem 1.5. If f; € Klx;,...,x,| then Jy is revlex. In particular, if S/I is a monomial
complete intersection, then J; is revlex.

Proof. Let k; = (Hfl*l), for any i = 1,...,n. Then u;, = z¢. Recall our notation, u;, = z%*.
We have by; # 0, otherwise I = (f1,..., fn) C (z2,...,x,) contradicting the fact that [
is an Artinian ideal. Using a similar argument, we get by, # 0 for all 1 < ¢ < n. Thus,
multiplying each f; with b;ki, we may assume by, = 1 for all 1 < ¢ < n. In other words,
fi = 2%+ f!, where f/ contains monomials smaller than x¢ in the revlex order. Also, since
fi € K[z;,...,x,] we have by, = 0 for any ¢’ > 4. In particular,By, 5, = 1.

In the expansion of the determinant Gy, ., appears the term gi1 * Gro2 - * Ghun =
re(cd) (e egy) - (¢2) -+ - (¢2n), where 7 is a nonzero (positive) integer. Indeed, by (1),
we have gy = ccfl, ry2 = dcgflcm and, in general, gx,; = some binomial coeflicient -¢;*. We
claim that m = (¢, )(ch  ean) - (%) - - - () doesn’t appear again in the expansion of A.

Since f; € k[z;,...,x,], in the monomials in (¢y) of a;; there are no ¢y’s with ¢ < 4.
Also, all the monomials of f/ contain variables x; with ¢ > i. Corresponding to them, in
a;;’s there are cy;’s with ¢ > 4. Thus in a; the only monomials in ¢, ..., ¢;, of degree d
comes from ¢(z¢) = (2= cijz;)?, the other monomials being multiples of some ¢, with
t > i. Consequently, in the expansion of A, the monomials of the type ¢}*---c%", where
Bi, ..., 3, are multiindices with || = --- = |B,] = d comes only from p(29),..., p(x?).

On the other hand, for any 1 < i < n, ¢} is unique between the monomials in ¢;’s from
o(z2), because they are of the type ¢, where v is a multiindex with |y| = d. From these
facts, it follows that the monomial m is unique in the monomial expansion of A and occurs
there with a nonzero coefficient. Thus A # 0 and by applying Lemma 1.3 we complete the

proof of the theorem. n



Remark 1.6. In the case n = 2 and n = 3, J; is revlex for any (n, d)-complete intersection.
Indeed, in the case n = 2, J itself is revlex since it is strongly stable. In the case n = 3, since
|J;| = 3 and J is strongly stable, it follows that either (a) J; = (2¢, 2{ @y, 2{222), either
(b) Jg = (2, 25 2y, 2 23). But in the case (b), the map (S/J)q_1 —> (S/J)q is not
injective, because 297! # 0 in (S/J)q_; and z{ x5 = 0 in (S/.J)4. This is a contradiction
with the fact that x3 is a weak Lefschetz element on S/J and therefore, J; is revlex.

Lemma 1.7. (a) a;; = fi(ci1,- -, cn1) for all 1 <i <n.
(b) If 1 <1 < mn is an integer then the sequence ay, asy, . . ., ay 1S Teqular as a sequence
of polynomials in K|c;j| 1 <1i,5 <nl].

Proof. Substituting z; = 0 for j # 1 in F; we get (a). In order to prove (b), firstly notice
that aq1, asy, . .., an is a regular sequence on Klcyy, Co1, - - -, Cp1l, since f1, ..., f,, is a regular
sequence on K[xy,...,x,] and ¢11, a1, .. ., ¢p1 are algebraically independent over K.
Let 1 <[ <n be an integer. We claim that
K[CZ]|1§Z7JSTL] NK[CH,Cgl,...,Cnl]

* = .
( ) (all7"'7anl7ci1_cij7 1 SZSna 2§.] Sn) (a117a’21;"'7an1)

Indeed, by (1), if we put ¢;; = ¢;; for all 1 <7 < nand 2 < j < nin the expansion of g we
obtain 7; - gr1, Where 7 is a strictly positive integer, which depends only on [, and therefore,

a; became r; - a;1. From (*) it follows that ayy, ..., an,cin — ¢y for 1 <i<n, 2<j<nis
a system of parameters for K|c;;| 1 <i,j < n] and thus ay, ..., a, is a regular sequence
on Klc;;| 1 <14,j <nl, so we proved (b). O

As we noticed in Remark 1.6, for n = 3, the conclusion of Theorem 1.5 holds for any
regular sequence fi, fo, f3 of homogeneous polynomials of degree d. In the following, we
give another proof of this, without using the fact that S/(f1, f, f3) has the (WLP), i.e. x5
is a weak Lefschetz element for S/J. Also, we get the same conclusion for the case n = 4
and d = 2. However, this approach do not works in the general case.

Proposition 1.8. (a) If fi, fo, f3 € Klx1, 22, 23] is a reqular sequence of homogeneous
polynomials of degree d > 2, I = (fi, fo, f3) and J = Gin(I), the generic initial ideal of I,
with respect to the reverse lexicographical order, then Jg is a revlex set.

(b) If f1, fo, f3, fa € Klx1, 29, x3,24] is a reqular sequence of homogeneous polynomials
of degree 2, I = (f1, fa, f3, f1) and J = Gin(I), the generic initial ideal of I, with respect
to the reverse lexicographical order, then Js is a revlex set.

Proof. (a) Let A = (ay;); ;—13- Since Gin(f1, f2) is strongly stable, it follows by Lemma 1.3
ail a2 ainl a2 a21  a22
o1 g ’ # 0. Analogously, Ay = 1 s #0and Ay = a1
We have A = a13401 —as3As+as3As. Suppose A = 0. It follows a13A1 = as3As —as3As and
therefore, since ai3, as, asz is a regular sequence in K |c;;|i, j = 1, 3], we get Ay € (ag3, azs).
The first three monomials of degree d in revlex order are 2%, z{ ‘x5 and 2 222. It follows
that the degree of a;1, a;2 and a;3 in ca1, €99, Co3 is 0, 1, respectively 2, for any 1 < 7 < 3.

that Ag = 7é 0.




Therefore, the degree of Ay in the variables ¢y, c99, cog is 1, but the degree of ass and ass
In Co1, Cag, Co3 is 2, which is impossible, since A; € (ag3, as3).

(b) Let A = (ay;); j—1z- Since any three polynomials from fl, fo, f3, f4 form a regular
sequence, it follows from (a) that any 3 x 3 minor of the matrix A = (aij) (-1 is nonzero.

w\

Let A; be the minor obtained from A by erasing the i-row. Suppose A = O. It follows that
1401 = a4y — a34As + aysA4 and therefore, since ayy, asq, asq, asy is a regular sequence
in Klc;j|i,7 = 1,4], we get Ay € (aga, azq, asq). Since the first 4 monomials in revlex are
22, 1119, 3, 1123, We get a contradiction from the fact that the degree of A; in the variables
C31, C32,C33,C34 is 7Zero, but the degree of g4, A34, A44 in C31, C32,C33,C34 is 1. O

Remark 1.9. The hypothesis that K is a field with char(K) = 0 is essential. Indeed,
suppose char(K) = p and I = (2, 25) C Kz, 25]. Then, simply using the definition of
the generic initial ideal, we get Gin(I) = I and, obviously, I, = {z, 25} is not revlex.

Also, the hypothesis that fi,..., f, is a regular sequence of homogeneous polynomials
is essential. Let I = (f1, f2, f3) C K[z1, 2o, 23], where fi = 22, fo = z129 and f3 = x13.
In order to compute the generic initial ideal of I we can take a generic transformation
of coordinates with an upper triangular matrix, i.e. 1 — x1, Ty — Ty + €121, T3 —
x3 + Ca3%9 + 1371, where ¢;; € K for all ¢, j (see [5, §15.9]). We get

L 2
Fi(xq, 9, x3) := fi(x1, T2 + 1221, T3 + Co3T + c1371) = 27,
._ _ 2
Fy(1, 22, 23) := fo(@1, X3 + 1021, T3 + Co3%2 + C1321) = 1227 + 1122,
o _ 2
F3(x1, 29, x3) = f3(x1, T2 + 1221, T3 + Ca3%a + C13%1) = €137 + Co3T1Tg + T1T3.

The generic initial ideal of I, J = in(Fy, Fy, F3) satisfies J, = I, but I, is not revlex.

2 Several examples of computation of the Gin.

Let I = (f1,...,fn) € S = Klz1,...,2,] be an ideal generated by a regular sequence
fi,--, fu € S of homogeneous polynomials of degree d. Let J = Gin(I) be the generic
initial ideal of I, with respect to the revlex order.

In [2], the case n = 3 and d > 2 is treated completely, when S/(f1, f2, f3) has (SLP).
More precisely, if d is odd, then

3d—1 3d—3
_ 2 d 2j—1_3j+1 _d—2j-2 3g+2 d—3 sd =0
J_( {%1,332} Lo » Ly f0r1<j< 9 7x22 73:3:523 )
3d737 : . 3d—3 _ d—3
2j+1 25 37 2j+1 =5——J . 2425 —j
xy Ty ? R 1 <5< 5 LT 1y} 1< < d)

o d=2 2 d 2j—1 3j+1 _d—2j-2 3]+2 - -
or J=(x{" {1, x2}", 2 xy T ad for1<j< , BTy 2 Ty 2

3 3d7 -
25 2j—1 7—33 2; —J .
T3 Ty” Ty ) T3 Ty 2 1<y <

-2
Ly P 1y} 1< < d)

if d is even (see [2, Proposition 3.3]).
In the following, we discuss some particular cases with n > 4.



The case n = 4, d = 2. We assume that S/I has (SLP). From Wiebe’s Theorem, it
follows that x4 is a strong Lefschetz element for S/.J. For a positive integer k, we denote
Shad(Jy) = {z1,..., 2, }Jr. We have H(S/J,t) = (1 +t)* =1+ 4t + 6¢> + 463 + 1.

We have |J5| = 4. From Proposition 1.8, Js is revlex, therefore

Jo = {a], 2170, 73, w123} = {{71, 12 }%, 11703}

We have |Shad(J2)| = 12. On the other hand, |J5| = 16, so we need to add 4 new generators

at Shad(Jy) to get Js. If we add a new monomial which is divisible by z2, then the
22

map (S/J); —> (S/J)3, will be no longer injective. Since |(S/J)1| = |(S/J)3], we get a

contradiction with the fact that x4 is a strong Lefschetz element for S/.J. But there exists

only 16 monomials in S which are not multiple of z%. Thus

Jg = {{ml,$2,x3}3,x4{x1,$2,x3}2}, and therefore

Shad(J3) = {{$1, T2, 373}4, $4{$1> T2, 5U3}37 f?;{l"b T2, 553}2}-

Since |Shad(J3)| = 31 and |J4| = |S4] — |(S/J)s] = 35 — 1 = 34 we have to add 3 new
generators at Shad(Js) in order to get Jy. Since J is strongly stable, these new generators
are ziry, 3wy and z3z3. So

Jy = {x1, 29, 03, 24} \ {1} We get Shad(Jy) = {1, 70, 23, 24}° \ {77}

and since J; = Ss it follows that we must add zj} at Shad(J,) to obtain Js. From now
one, we cannot add any new monomial. J is the ideal generated by all monomials added
at some step k to Shad(Jy), thus we proved the following proposition:

Proposition 2.1. If I = (f1, fs, f3, f4) is an ideal generated by a regular sequence of
homogeneous polynomials fi, fa, f3, f2 € S = k[x1,x9,23,24] of degree 2 such that the
algebra S/I has (SLP) then the generic initial ideal of I with respect to the revlex order is

2 2 3 .3 .2 2 3 3 3 5
J = (2], 1122, T5, T T3, Toly, Ty, T3k, T3Ly, TyT1, TyTo, TyTz, Ty).

In particular, this assertion holds for a generic sequence of homogeneous polynomials
fi, fo, fa, fa € S orif fi € Klwg, .. ay], 1 <0 < 4

The case n = 5, d = 2. In the following, we suppose that S/I has (SLP), so z5 is a
strong Lefschetz element for S/.J. Also, we suppose that Js is revlex. We have H(S/J,t) =
(1+1¢)°> = 1+ 5t + 102 + 10t3 + 5t* + ¢5. We have |.J;| = 5. Since J, is revlex from the
assumption, we have Jo = {{z1, 22}? z3{x1,z2}}. So

Shad(J2) = {{$17$2}3, {$17$2}2{$37$4a$5}7$3{$1,$2}{I3,$4,$5}}'

We have |Shad(J2)| = 19. On the other hand |J5] = [S5] — [(S/J)3] = 35 — 10 = 25, so we

must add 6 new generators, from a list of 16 monomials, at Shad(.J;) to get Js.
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Since x5 is a strong Lefschetz element for S/.J it follows that we cannot add any mono-
mial of the form z5 - m, where m is nonzero in (S/J)s because, in that case, the map

(S/J)2 B (S/J)3 will be no longer injective. But there are |(S/J)s| = 10 such monomials
m. Therefore, we must add the remaining 6 monomials, =3, x5y, T123, o3, x32%, 235, Thus

Js = {1, 20, w3, 24}, w5({21, 79, 233> \ {23})}. Therefore :

Shad(J3) = {{x1, 72, 3, $4}4; r5{21, T2, T3, $4}37 xﬁ({xl,xz, I3}2 \ {ﬁg})}
We have |Shad(Js)| = 60 and |J4| = |S4| — |(S/J)s| = 70 — 5 = 65. So we need to add 5
new generators at Shad(J3) to get Jy. If we add a monomial which is divisible by z2 we

.xs
obtain a contradiction from the fact that the map (S/.J); = (S/J)4 is no longer injective.

Therefore, we must add: z3z%, v120422, Tow422, v32472, 2322, and so

J4 - {{xla X2, T3, I4}4, x5{x17 X2, T3, .T4}37 'Tg{xla X2, T3, x4}2}-

So Shad(J4) = {{951,352,553,954}5, T >$g{$1,$27$371’4}2}-

We have |J5| — |Shad(Jy)| = 4, so we must add 4 new generators at Shad(Jy) to get

Js. Since J is strongly stable, these new generators are: ziz;, raxs, rixs, vaz,. Therefore

Js = {{x1,...,25}° \ {22}}. Finally, we must add 2% to Shad(Js) in order to obtain Jg.
We proved the following proposition, with the help of [4, Theorem 1.2] and Theorem 1.5.

Proposition 2.2. If I = (f1, fo,..., f5) C K[z1,...,x5] is an ideal generated by a generic
(regular) sequence of homogeneous polynomials of degree 2 or if fi, fa,..., f5 is a reqular
sequence of homogeneous polynomials of degree 2 with f; € K[z, ... x5 fori=1,...,5
then J = Gin(I) the generic initial ideal of I with respect to the revlex order is:

2 2 3 2 2 2 2 3
J = (371, T1T2, Ty, T1X3, T2T3, Ty, Lgx4, L1Ty, T2Ty, T3Ty, Ty,

2,.2 2 2 2 2,2 4 4 4 4 6

The case n = 4, d = 3. We suppose that S/I has (SLP), so z4 is a strong Lefschetz
element for S/J. Also, we suppose that J; is revlex.
We have H(S/J,t) = (1 +t+t2)* = (1 + 2t + 3t> + 2t3 + t1)% =

= 1+ 4t + 10¢% + 163 4+ 19t* + 16t° + 10t° + 4¢7 + ¢8.

Since |J5] = 4 and J3 is revlex, it follows that J; = {x1,22}®. Therefore, we have

Shad(J3) = {{x1,z2}*, {21, 22}3{x3,24}}. Since |J4| — |Shad(J3)| = 4, we must add 4

new generators to Shad(.J;) to obtain Jy. Since x4 is a strong Lefschetz element for S/.J

we cannot add any monomial of the form z4 - m, where m # 0 in J3. Therefore, since J

is strongly stable, we have to choose 3 monomials from the list 22{z, 7o}, 23{x1, 22}, 7.

There are two different chooses: either we add (I) z2{w1, zo}?, either (II) z2z1{x1, z2, x5}
In the case (I), we get Jy = {{z1, 22 }*, {1, 22 }3 {3, 24}, 23{71, 22} }, 50O

Shad(Jy) = {{x1, 22)}°, {z1, 22} {@s, 24}, {21, 20} {3, 24}, 23 {23, 24 H{ 71, 22} %}.

8



Since |J5] — |Shad(J4)| = 40 — 34 = 6, we need to add 6 new generators at Shad(.J,) to get
Js. Since x4 is a strong Lefschetz element for S/J we cannot add any monomial of the form

x3m, where m is a nonzero monomial in J3. So, we must add: z3{z1, 2, x3}, T423{1, T2, 23}

Thus Js = {{z1, 22, 23}°, ma{w1, 22, 23}, 2{w1, 22}°}.
In the case (IT), we have Jy = {{z1, o }*, {z1, o }*{x3, 24}, v1202 {21, 22, 23} }, O Shad(Jy)

is the set {{:Cla $2}57 {Z’l, 1'2}4{373, :[;4}7 {x17 x2}3{x37 $4}27 xgxl{m?n 33'4}{331, x2}7 :ngl{x?n CE4}}
Since |J5| — |Shad(Jy)| = 40 — 34 = 6, we must add 6 new generators at Shad(.J,) to get

Js. Since x4 is a strong-Lefschetz element for S/J, we cannot add any monomial of the

form x3m, where m # 0 in Js. So, we must add: x323, zizy, 23, w42323, v42375, 2425 Thus

Js = {{3?17352,1’3}5,374{%1,%2,373}4737421{1'1,9U2}3},

the same as in the case (I). Thus, in both cases (I) and (II), we get:

Shad(JS) = {{xla T2, $3}67 .73'4{331, T2, x3}5a xi{ajlv T, 333}4, xi{xb 332}3}-

Since |Shad(Js)| = |Ss| —16 and |Js| = |96| — 10, we must add 6 new generators to Shad(.Js)
in order to obtain Js. Since x4 is a strong-Lefschetz element for S/J, these new generators
are not divisible by z}. So, we add z3x3{z, 12}% x3x2{x, 2}, v323 and thus,

J6 = {{xb T2, x3}67 .1'4{371, T2, 333}57 xi{xla T2, $3}47 xi{wla T2, 1’3}3}. SO

Shad(Js) = {{x1, 12, 13}, 24{w1, 9, 3}°, . .. 2 {71, 70, 23}°}.
|S7| — |Shad(Js)| = 6 +4 = 10 and |S7| — |J7| = 4, so we must add 6 new generators at
Shad(Js) to get J;. Using the same argument, these new generators must be z3{z;, Tq, 3}?
and therefore J; = {{x1, w9, 13}7, x4{x1, 00, 3}5, ... 23{w1, T2, w3} }. We get

Shad(J7) = {{x1, za, 5E3}8, z4{71, T, 953}77 e 7$g{$1, L2, $3}2}~

Since |Ss| — |Shad(J7)| = 4 and |Sg| — |Js| = 1, we must add 3 new generators at Shad(J;)
in order to get Jg. Since z, is strong-Lefschetz, these new generators are zj{xy, zs,r3}, so
Js = {x1, 19, 23,24}% \ {2]}. Finally, we must add z} to Shad(Js) in order to obtain Jy.
We proved the following proposition, with the help of [4, Theorem 1.2] and Theorem 1.5.

Proposition 2.3. If I = (f1, f2, f3, f1) C K[x1, z2, x3, 4] is an ideal generated by a generic
(reqular) sequence of homogeneous polynomials of degree 3 or if fi, fa, f3, f1 is a reqular
sequence of homogeneous polynomials of degree 3 with f; € klxz;, ..., x4], fori=1,...,4,
then J = Gin(I) the generic initial ideal of I with respect to the revlex order has one of
the following forms:
(I) J = <{$1,$2}3, Ig{x17x2}27 xé{‘ThIQ,xg}, x4mg{x17'x27$3}7
Iiﬂﬁs{xl,$2}2,Ii$§{$1,$2},$i$§7 $Z{$1,$2,$3}2, 901{1‘1@2,903}, 902)
(I1) J = ({w1, 22}, 2ixi{w1, 00, 03}, 2323, T3y, X5, D405, T4T5T0, T4T5,
33?1333{9517352}2,33255%{3717%2},3521’%: 9132{371,332,953}2, 33'1{951733271'3}, l‘Z)
Remark 2.4. [t seems Conca-Herzog-Hibi noticed in [3], page 838, that, if fi, fa, f3, fa is

a generic sequence of homogeneous polynomials of degree 3 then the generic initial ideal J
has the form (I), and J = Gin(z3, 23, 23, 23) has the form (1I).
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